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A theoretical model for predicting the aerodynamic response due to a finite-deflection cascade oscillating in a
subsonic stream is described. Based on the assumption of small amplitude harmonic blade motions, the unsteady
flow is treated as a small fluctuation about the nonuniform mean flow. The mean or steady flow is determined as
a solution of the full potential equation while the unsteady flow is governed by a linear equation with varialile
coefficients which depend on the steady flow field. Numerical solutions based on this general aerodynamic
model have been obtained for simple cascade configurations. Selected results for sharp-edged blade profiles are
described. Those for flat plate cascades are shown to be in good agreement with previous analytical predictions -
for both subresonant and superresonant blade motions. Predictions for double circular arc and thin circular arc
profiles reveal that blade thickness has a significant effect on the unsteady response while the effect of flow

turning due to blade camber is only minimal.

Introduction
UPERSONIC unstalled flutter and subsonic ' positive
incidence flutter (often called subsonic stalled flutter) are
the two most commonly observed aeroclastic instabilities
occurring in modern fans and compressors.! Extensive
analytical and experimental work has been reported on the
problem of supersonic unstalled flutter, and solutions of the
classical small disturbance equations (e.g., Refs. 2, 3) have

been shown to be remarkably successful at predicting the .

observed flutter behavior of supersonic test fans.!4 As a
result, it is generally believed that the development of a
supersonic unstalled flutter prediction system is well in hand.
In contrast, for subsonic flow, the classical approach has not
provided practically useful flutter predictions and it appears
that a more comprehensive aerodynamic model will be
required. In particular, recent experimental evidence! in-
dicates that flow separation or stalling is not an essential
condition for the appearance of positive incidence flutter;
hence, an unsteady formulation which includes the effects of
mean flow deflection due to blade thickness and steady
loading could be sufficient for predicting the onset of sub-
sonic flutter in fans and compressors. Such a model would
also be applicable to the flutter analysis of thick, highly
cambered turbine blades. Minimum requirements for a useful
model are the capability of treating high Mach number
subsonic flow and of providing efficient numerical predic-
tions of unsteady response coefficients.

Although substantial progress has been achieved in the
development of unsteady subsonic cascade solutions, to date
these have been largely based on classical linear theory and are
thus confined to flat plate blades at zero mean incidence
relative to a uniform stream (e.g., Refs. 5-7). Such solutions
do not reveal instabilities under practical operating con-
ditions, and hence fail to meet the needs of turbomachinery
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designers for predicting or understanding the occurrence of
subsonic flutter. Nishiyama and Kobayashi® and Namba®
have extended the classical model in an attempt to include the
effect of relative displacement of blades with finite mean
circulation. Both analyses employ identical linearizations to
arrive at linear constant coefficient steady and unsteady
boundary value problems and determine analytical solutions
for flat plate blades at small but finite incidence relative to the
inlet flow direction. However, the conditions under which this
linearization is valid are at best restrictive,? thus limiting the
practical utility of these solutions.

In contrast to the foregoing analytical studies, a com-
pressible unsteady aerodynamic model which fully includes
the effects of nonuniform mean flow will require numerical
solution procedures. One effort in this direction is that due to
Ni and Sisto.!® They regarded the fluid properties as
dependent variables and applied an explicit time-marching
procedure to determine solutions to the Euler equations of
motion. However, the computing time required by this time-
marching formulation renders it unacceptable for detailed
and repetitive flutter calculations. Verdon et al.!! have
provided a preliminary unsteady subsonic cascade for-
mulation in which the velocity potential is treated as the basic
dependent variable. The steady flow is determined as a
solution of the full nonlinear potential equation and the
unsteady flow is governed by linear, time-independent
equations with variable coefficients. Similar linearizations
with respect to a nonuniform steady flow have been applied
by Guiraud-Vallee et al.!2 to obtain numerical solutions for
subsonic and transonic flow past oscillating airfoils in
channels, and by Atassi and Akail® to derive analytic
solutions for incompressible flow past a cascade of
Joukowski airfoils. 4

The present paper describes a continuation of the work
reported in Ref. 11. Basic equations which govern the flow in
a single extended blade-passage region of a finite-deflection
two-dimensional oscillating cascade are outlined. The
derivation essentially involves a perturbation expansion of the
velocity potential leading to a nonlinear boundary value
problem for the zeroth order or steady flow potential and a
linear variable coefficient boundary value problem for the
first order or unsteady potential. The coefficients in the
unsteady problem depend on the underlying steady flow.
Numerical solutions for the steady problem are available for
subsonic!* and transonic!® flows, while solution procedures
for the unsteady problem are under current development. To
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date, unsteady solutions have been obtained for flat plate
cascades and cascades of sharp-edged circular arc blades. A
selection of these results are described in this paper. Although
progress towards the development of an aerodynamic analysis
for investigating subsonic flutter in turbomachines is being
achieved, a number of difficult problems remain to be
resolved and substantial further work will be required before
a useful flutter prediction system can be realized.

Description of the Problem

In the following discussion all quantities are dimensionless.
Lengths have been scaled with respect to blade chord, time
with respect to the ratio of blade chord to upstream free
stream speed, and pressure with respect to the upstream free
stream dynamic pressure. Consider isentropic and irrotational
flow, with negligible body forces, of a perfect gas past a two-
dimensional oscillating cascade (Fig. 1). These restrictions
lead to a single nonliinear differential equation for the velocity
potential &(X,1) and an explicit algebraic equation for the
fluid pressure P(X,t);i.e.,

A2v2$=%,+2vd-vd,+vd-v(vd)?/2 )

P=P_,~2[1—(M_,A)»«D)/(yM2 ) )]

where X is a position vector extending from the origin of the
space-fixed x, y-coordinate system (Fig. 1), M__<land P_,
are the upstream free stream Mach number and pressure,
respectively, v is the specific heat ratio of the fluid, and the
speed of sound propagation A is given by

(M_,A)?=1-(y—DHM2 {$,+(V®)2-11/2)  (3)

Only subsonic solutions are sought here, but the basic
equations described below also apply to transonic flows with
weak shocks.

The blades of the cascade have finite thickness, camber,
and mean incidence angle relative to the inlet flow, and are
undergoing identical small-amplitude harmonic motions at
frequency w and constant interblade phase angle o. The mean
or steady state positions of the blade chord lines coincide with
the line segments mG, =x=1+mG,, y=mG,, m=0, *=1,
*2,..., where G- and G, are the x and y components of the
cascade gap vector G, which is directed along the locus of
blade leading edges with magnitude equal to the blade spacing
(Fig. 1). Blade shape and orientation relative to the stream,
and the amplitude and frequency of the blade motion, are
assumed to be such that the flow remains attached to the blade
surface; i.e.,

(vd-n)s =0R,,/3t-ng , m=0,£1,+2,.. “

Here ®&,, is a vector measuring the displacement of points on
the instantaneous position of the mth blade surface §,
relative to their mean positions, and # is a unit outward
normal vector. In addition to Eq. (4), the fluid pressure and
normal velocity must be continuous across wake surfaces
W ,,. In the inviscid approximation the wakes are represented
by thin vortex sheets, each of which emanates from a point in
the vicinity of a blade trailing edge and extends downstream.
In the far field the flow consists of unsteady fluctuations, due
to outward acoustic wave propagation and vorticity con-
vection (downstream), about uniform inlet and exit con-
ditions.

For rigid blade motions the relative displacement vector is
given by

R, =re/@tm) = (h+axX R,)e!=+m)  m=0,+1,+2,...

&)
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Fig. 1 Two-dimensional oscillating cascade with finite mean flow
deflection-extended blade passage region and far-field parameters.

where A defines the amplitude and direction of blade trans-
lations, o defines the amplitude of blade rotations about axes
with mean positions located at (X, +mG,,Y,+mG,), and
R, is a vector extending from the mean position of the mth
axis of rotation to points on the mean position of the mth
blade surface S,,. Only rigid motions are considered;
however, the present formulation could be readily extended to
include elastic deformations of the blades. The components
hy> h,, and o of the vectors A and « are, in general, complex
to permit phase differences between the translations in the x-
and y-directions and the rotation. These rigid two-
dimensional motions describe chordwise, bending, and
torsional vibrations of actual rotor blades.

Perturbation Procedure

The velocity potential is expanded in an asymptotic series in
€

(X,1)= ), /6, (X, 1) =8(X) +ed(X)e™ +0(e?)  (6)

i=0

where ¢ is a small parameter related to the amplitude of the
blade motion by

e=max |®,, | =max(r-r*)* )
S s

In Eq. (7), * denotes the complex conjugate and S denotes the
zeroth or reference blade surface. After substituting the
foregoing series into the differential equation governing the
fluid motion [Eq. (1)], equating terms with like powers in ¢
and, finally, neglecting terms of second and higher order in e,
a nonlinear equation for the zeroth order potential and a
linear, variable coefficient equation for the first order
potential are obtained. A similar procedure is applied to the
expressions for the blade and wake boundary conditions. In
addition, Taylor series expansions, e.g.,

& =b5 +(R,, V)Pl +0(e?) (8)

are applied to refer boundary conditions to the mean
positions of the blade and wake surfaces. The mean positions
W,, of the unsteady wakes are assumed to coincide with the
steady flow stagnation streamlines.

As e—0 the blade and wake surface collapse to their mean
positions. Hence, the zeroth order term in the power series
expansion [Eq. (6)] is the velocity potential ®(X) due to
steady flow past a stationary cascade. The cascade geometry,
the prescribed form of the blade motion, and the linearity of
the first order equations require that the first order or un-
steady potential be harmonic in time [i.e., ¢;
(X,t) =¢(X)e™] and that the steady and first order un-



542 - J.M. VERDON AND J. R. CASPAR

steady flows exhibit blade-to-blade periodicity:

B(X) =2(X+mG) —V_,, G} m=0,£1,%2,.. (9
¢ (X) = (X+mG)e~"™

The periodicity conditions permit boundary value problems
for the steady and unsteady flows to be specified for a single
extended blade-passage region of the cascade.

Restrictions implied by the perturbation approximation are
usually not satisfied in the vicinity of blade edges. Such local
violations of the assumptions indicate that the perturbation
expansion is singular; i.e., the asymptotic series {Eq. (6)] is
not uniformly valid throughout the flow.!® In classical
theory, in which the linearization is based on a uniform mean
flow, a manifestation of this situation is the square root
singularity in the unsteady pressure at blade leading edges.
Singular behavior associated with the coupling of the steady
and unsteady flows is not clearly understood at present and
remains as a subject for future investigation. -

Steady and Unsteady Boundary Value Problems

The perturbation approach serves to replace the nonlinear,
time-dependent boundary value problem for the full potential
&(X,7) by two time-independent boundary value problems
for the zeroth order or steady potential $(X) and the first
order or unsteady potential ¢(X)e™. Equations governing
the steady potential follow from the differential equation [Eq.
(1)] the speed-of-sound relation [Eq. (3)], and the flow
tangency condition [Eq. (4)], after replacing ®(X,¢) by ®(X)
and omitting time derivative terms. The steady flow tangency
condition is applied at the upper, S, and lower, S}, surfaces
of the zeroth and first blade, respectively. The steady solution
on the reference passage periodic boundaries upstream and
downstream of the blade row is determined by the zeroth
order differential equation and the blade-to-blade periodicity
condition. Finally, since steady subsonic velocities are very
nearly equal to the free stream velocity beyond some finite
distance upstream or downstream of the blade row (e.g.,
§<t_ oré>E, inFig. 1), auniform velocity approximation,
i.e.,

ve=V_,, §&=f_ (10)

is used to provide far-field conditions for the steady boundary
value problem.

The Linear Unsteady Model
It follows from Egs. (1), (3), and (6) that the unsteady
potential is governed by a linear differential equation of the
~ form

Jjtk=2 aj+k¢
Li{o)= Cjk(X)W=

Jk=0

an

where !
Cp=0?—in(y=1)V?®
Cp=—Riv+(v=1)V?e]d -2Vd- VY,
Coy=—Rio+ (v—1)V?2]®,-2VE- VP,
Cp=A4?~2;, €,;=-2%,%9, Cy=A? —-%3 (12

and A is the speed of sound in the steady flow. The influence
of blade shape and incidence relative to the free stream ap-
pears in this equation through ‘the variable coefficients
C; (X), which depend on the spatial derivatives of the steady
potential. Upon substituting the series expansions [Eq. (6) and
(8)] into the flow tangency relation, [Eq. (4)] and noting that
ng=ng+ (axng)e™ +0(e?), it follows after some algebra
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that the first order flow tangency condition has the form
eVo-n=[ivr+ax Ve®— (r- V)vP] neimo,
on §,,m=0,x1,+£2,... (13)

Finally, the conditions of continuity of pressure and normal
velocity across blade wakes and the blade-to-blade periodicity
of the unsteady flow require that

iwA,,¢+ Ve V(A,0d) =0}

W =4, s ERRRS
V(A ¢)-n=0 on W, ,m=0,+1,+2,...(14)
where A, ¢ is the difference in potential across the mth wake,
ie., )

A,0=¢(X")—d(X*)=¢(X" +Gle " —¢(X+),
Xon W, (15)

The unsteady potential in the extended reference passage
[i.e., the region bounded by the upper and lower surfaces of
the zeroth and first blade, respectively, and by the zeroth and
first steady flow stagnation streamlines (Fig. 1)] is determined
as a solution of the variable coefficient differential equation
[Eq. (11)], subject to the flow tangency requirement [Eq. (13)]
at the upper S; and lower S; surfaces of the zeroth and first
blades, and the continuity conditions [Eq. (14)] across the
zeroth wake W,. The unsteady velocity is continuous and
differentiable upstream of the blade row and, hence, the
blade-to-blade periodicity condition [Eq. (9)] is used in
conjunction with the unsteady differential equation to
determine the values of the unsteady potential on the up-
stream stagnation streamlines. To complete the specification
of the unsteady boundary value problem, conditions at up-
stream and downsteam boundaries of the extended blade
passage region must be established.

Unsteady Far-Field Solutions

In general, unsteady disturbances do not attenuate in the
far field of the cascade, and hence it is difficult to place ex-
plicit conditions on the unsteady potential ¢ at upstream and
downstream boundaries of the extended blade passage region.
Instead, analytic far-field solutions based on the uniform
steady velocity approximation [Eq. (10)] have been deter-
mined for subsonic inlet and exit conditions. When the steady
velocity field is uniform the coefficients of the steady dif-
ferential equation [Eq. (11)] assume constant values.
Solutions of this constant coefficient equation subject to
appropriate boundary conditions can be matched to the near-
field numerical solutions at finite distances upstream and
downstream of the blade row (e.g., on the lines £ =£ _ in Fig.
1). The analytic far-field solutions thus serve to complete the
specification of the unsteady boundary value problem.

The unsteady potential is continuous upstream and has
both continuous and discontinuous components downstream
of the blade row. The continuous potential must satisfy the
requirements of blade-to-blade periodicity and outgoing
acoustic wave propagation at infinity. Fourier methods can be
used to provide expressions for the continuous component of
the far-field potential in terms of the independent variables £
and n where £,p-coordinate axes are perpendicular and
parallel, respectively, to the cascade inlet plane, and the origin
of this coordinate system coincides with that of the x, y-system
(Fig. 1). For subsonic inlet and exit conditions the continuous
potential can be written as!! '

é.(5m) = 'Y, bexpligm)

Jj=—o

X expl(iM_,, V,6,+d;) (E—£.)/Q%], EsE, (16)
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where

4= 2mj+0)/G, &,=M_,(w+V,q,),

Q?=M2_(A2=V})>0 di=(Q?q?—s)M2 A2 (17)

V, and ¥, are the components of the uniform steady velocity
in the £- and g-coordinate directions, and G= |G| is the
cascade gap distance. The Fourier coefficients b; are obtained
from the relation

7+ G
bj=c-1§ﬂ o (Em)exp(—igmdn, E=£,  (18)

The discontinuous component of the unsteady potential far
downstream results from the counter vorticity shed from the
trailing edges of the blades and convected along the blade
wakes. After assuming that far downstream of the blade row
the steady velocity field is uniform and hence the steady flow
stagnation streamlines (the mean positions of the unsteady
wakes) can be approximated by an array of parallel straight
lines, the following closed form solution for the discontinuous
potential can be determined: !!

pylrv)y=—A¢(E, ,n, )exp(—iwT/V,,)

{ exp(wu/ V)
I—expl{w/V, —iv) GeosS]

exp(—wv/ V)
1 —exp[—(w/V, +iv)GeosB

}, 0<v<Geosf (19)

where 7 and v are Cartesian coordinates with the r-axis
coinciding with the far-downstream zeroth wake (Fig. 1), 8
denotes the angle through which the line 3 =7, must be
rotated in the counterclockwise direction to coincide with the
7-axis, and v is defined by

v=lo+wsinB/(GV,)1/(GcosB) (20)

The expression for ¢,.(r,v) given by Egs. (19) and (20)
provides the far-field wake vorticity distribution required to
conserve circulation in the unsteady flow. It satisfies the
unsteady differential equation in the far field (i.e, when
¢=V,7) and the boundary conditions of blade-to-blade
periodicity and continuous normal velocity and pressure
across blade wakes.

The analytic far-field approximations to the unsteady
potential permit a numerical analysis which treats a single
extended blade-passage region of finite extent. This is an
important factor in providing for an efficient numerical
solution to the unsteady problem. The continous far-field
solutions [Egs. (16) and (17)] indicate that unsteady distur-
bances attenuate or persist in the far field depending on the
sign of df. In classical theory there is no turning of the steady
flow; ¥ _,=V,,and the terms d7, j=0, +1, £2,... have the
same values upstream and downstream of the blade row.
Blade motions are called subresonant if disturbances at-
tenuate in the far field (dj?>0 for all j) or superresonant if at
least one acoustic mode persists far upstream and downstream
of the cascade. Resonance is said to occur if d; =0 for any j
(Ref. 17) and one consequence of the classical theory is that a
subsonic cascade cannot support an unsteady load when the
blades are undergoing resonant oscillations. 818 The situation
is somewhat obscured when the cascade turns the steady flow
(V_, # V) since disturbances may attenuate in one direction
while propagating undiminished in the other. However, a
natural extension of the previous classification is to label
blade motions as subresonant if all disturbances damp out in
the far field, and as superresonant if at least one disturbance
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mode persists either far upstream or downstream of the
cascade. The consequences of an upstream or downstream
resonance condition (i.e., d;=0 for any j, £=£_) remain to
be clarified.

Aerodynamic Response Coefficients
Solutions to the steady and unsteady boundary value
problems are required to determine blade pressure
distributions and aerodynamic force and moment coef-
ficients. The pressure at the mth blade surface is given by [cf.
Eq. 9]

Py =P +epgel@tm) +0(2), m=0,+1,%2,... (2l)

where P and epe’’ are the zeroth (steady) and first (unsteady)
order components of the fluid pressure, and $ denotes the
moving reference blade surface. After expanding the velocity
potential ®(X,r) in the manner indicated by Egs. (6) and (8)
and substituting the result along with Eqg. (21) into the
pressure-potential relation [Eq. (2)], it follows that

Py=P__—2(yM2.) ~[I—(M__A)2a-D]g  (22)
and
Ps= —2M_ A0 D iwp+ VI - Ve
+e 1 (r-v)(v®)?/2], ) (23)

Thus the steady and unsteady components of the pressure
acting on a moving blade surface §,, are evaluated in terms of
velocity potential information supplied at the mean position
of the reference blade, S. The last term on the right-hand side
of Eq. (23) measures the change in the steady pressure in the
direction of the unsteady displacement, i.e.,

rVP=-2(M__,A)¥-Dr.-DV/Dt
=—2(M_,A)Y0 =D (r-v)(v®)?/2 @4

The force and moment coefficients acting on the mth blade,
i.e.,

Cr, =Cptecy €@ +m) +0(e?), m=0,+1,£2,... (29
and
Cry, =Cr+ecy’©*m +0(e?), m=0,+1,+2,... (26)

are determined by simple integrations over the mean position
of the reference blade. After some algebra it follows that the
steady (Cr and C,,) and unsteady (¢, and c,,) force and
moment coefficients are given by

Cp=~— (5) Pgnds, C,= <§> PsR,-ds @7
5 §
and

cF=—(§SPsnds+e‘1axCF, cM=§>s PR, -ds  (28)

where ds is a differential vector tangent to the mean blade
surface. It should be noted that the moment is taken about the
moving pitching axis. The unsteady force and moment .
coefficients are the important results of an aerodynamic
analysis intended for flutter predictions. Knowledge of these
coefficients permits the evaluation of aerodynamic work per
cycle and/or aerodynamic damping, either of which can be
used to determine whether the airstream supports or sup-
presses a prescribed blade motion.
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Numerical Results

Solutions based on the foregoing aerodynamic model have
been obtained for subsonic flow past oscillating cascades
consisting of simple sharp-edged blade profiles. Steady flows
have been calculated using the finite area numerical method
developed by Caspar et al.'# and solutions to the linear un-
steady equations have been determined using a finite dif-
ference approximation. The calculation mesh employed for
the unsteady case consists of contour curves which are
averages of the bounding stagnation streamlines and lines
which are parallel to the cascade inlet plane (Fig. 2). This
mesh is body fitted and periodic, thereby facilitating the
implementation of blade, wake, and cascade periodic
boundary conditions, but it is nonorthogonal, thus
disallowing the use of standard difference approximations.
Instead, the unsteady potential is implicitly expanded in terms
of polynomial functions (Fourier functions at far-field
boundaries) at each mesh point by a least squares
minimization of the error at neighboring mesh points. Dif-
ferential equations and boundary conditions are ap-
proximated in this manner, resulting in a linear block tri-
diagonal system of algebraic equations which are solved
directly using a block complex version of the Thomas
algorithm.!® Complete details of this unsteady numerical
solution procedure will be provided in a future publication.

The unsteady results reported here were obtained using a
mesh which consisted of 21 lines in the ‘‘streamwise’”’
direction and 71 lines parallel to the cascade inlet plane. The
distance along the chord between the 27 points distributed on
the blade surface varied from 0.02 near blade leading and
trailing edges to 0.05 at mid-chord. Analytic far-field
solutions were matched to the numerical near-field solutions
at a distance of two axial chords from the cascade inlet and
exit planes, i.e., at {=§{_ = —2co0s0 and { =¢ | =3cosO; far-
field Fourier expansions [Eq. (16)] were truncated after

~ |jl =8. Approximately 75 seconds of CAU time on the UTRC
UNIVAC 1110 Computer System were required for each
unsteady solution; however, substantial reductions in
computing time can be expected with further development of
the computational procedure.

Unsteady pressure difference distributions and
aerodynamic response coefficients will be presented for flat
plate cascades and unstaggered cascades of symmetric double
circular arc and thin circular arc blades undergoing single-
degree-of-freedom plunging (bending) or pitching (torsional)
oscillations. The unsteady pressure difference Ap is defined by

Ap(x,0) =pg- (X) —ps+ (X) =ps; (X+G)e™™

—ps+ (X) O<x=<l (29)
When the imaginary parts of the plunging, h,, and pitching,
o, amplitudes are set equal to zero, the real and imaginary
parts of the response coefficients Ap, ¢, and c,, are in phase
with the displacement and velocity of the blade surface,
respectively. Thus, real parts of the coefficients represent
values at the instants when the reference blade has reached its
maximum positive displacement and its velocity is zero, and
imaginary parts represent values at the instants when the
reference blade is in its mean position and is moving at

Fig.2 Schematic of unsteady computational mesh.
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maximum velocity. The stability of single-degree-of-freedom
bending motions with Im{#4,} =0 is governed by the sign of ~
the imaginary part of the lift coefficient. If Im{c; } <0, the
airstream resists the blade motion, and hence this motion is
stable according to linear theory. Similarly, if Im{a} =0,
single-degree-of-freedom torsional motions are stable when
Imf{c,}<0.20

Flat Plate Cascades

For oscillating flat plate cascades with blade mean positions
aligned parallel to the freestream direction, ®=x, and the
unsteady equations reduce to those of usual small disturbance
theory. Response calculations have been performed to verify
the present unsteady formulation, the. amalytic far field
solutions in particular, and to assess the accuracy of the
numerical solution procedure by comparing results against
those of a well-established analytical solution.” Predictions
have been obtained for a variety of cascade parameter
combinations. Sample results for bending motions, h,=(1,
0), at w=1, M__=0.7, G=1 and B8 =45 deg are shown in
Figs. 3 and 4. Numerical and analytical predictions of
pressure difference distributions (Fig. 3) for an out-of-phase
(6= = 7) bending motion are in very good agreement except
near the blade leading edge, where the finite difference ap-
proximation fails to capture the unsteady pressure singularity
(Ap ~x—*). Rather than flow tangency conditions [Eq. (13)],
wake boundary conditions [Eq. (14)] were applied in the
numerical scheme at trailing edge points to achieve pressure
closure; i.e., Ap(1,0)0=0 at the trailing edge. Agreement
between numerical and analytical predictions has been ob-
served to improve as free-stream Mach number is reduced. At

. Jow Mach number (e.g., M =0.3) the numerical and analytical

pressure difference predictions for out-of-phase bending
motions, virtually coincide, except in the vicinity of the blade
leading edge.

Lift coefficients due to bending are depicted in Fig. 4 for
the entire range of interblade phase angles. For the example,
cascade resonance occurs at o= — 30 deg and oc=107.8 deg,
and the blade motion is superresonant; in other words, un-
steady disturbances persist in the far field for -30
deg <3< 107.8 deg. The lift coefficient distribution shown in
Fig. 4 indicates that the present unsteady formulation ac-
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Fig. 3 Unsteady pressure difference distribution due to out-of-phase
bending for a flat plate cascade.
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PRESENT ANALYSIS
2 — = —=SMITH'S ANALYSIS (REF. 7)
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Fig. 4 Unsteady lift due to bending for a flat plate cascade.

curately models both subresonant and superresonant un-
steady subsonic phenomena. In particular, the agreement
between the present solution with the analytic solution of
Smith indicates that the matching of the continuous com-
ponent of the analytic far-field solution to the near field
numerical solution provides an adequate representation of the
effect of acoustic wave propagation into the far field. Again
the differences between the numerical and analytical lift
distributions (Fig. 4) are primarily attributed to the failure of
the finite difference calculation to accurately predict singular
behavior at blade leading edges. This has been clearly
demonstrated by moment coefficient predictions in which the
moments were taken about the leading edge to minimize the
influence of the leading edge singularity. This singularity
could be more accurately modeled by patching an analytical
approximation to the unsteady potential in the vicinity of the
leading edge into the numerical solution procedure.

Cascades of Circular Arc Bl‘ade Profiles

Oscillating cascades of sharp-edged symmetric double
circular arc and thin circular arc blades have been considered
in order to isolate and examine the effects of blade thickness
and steady flow turning due to camber on the unsteady
response. In general, blade stagger induces steady loading and
therefore attention has been focused on unstaggered cascades.
At present, incidence effects cannot be accurately evaluated
because of the requirement of an extremely fine com-
putational mesh in blade leading edge regions. Further, for
sharp-edged blades incidence would cause leading edge
separations in real flows and such phenomena have not been
accounted for in the aerodynamic model.

The circular arc blade surfaces are defined by the equation

y==xF(x)=x[T/2-R+~vVR? - (x—0.5)2], 0<x=<I
R=(T?+1)/4T (30)

where R is the radius of curvature and 7/2 is the half-
thickness of the double circular arc profile, y = + F(x), or the
height of the thin circular arc profiles, y=F(x). Predictions
have been obtained for unstaggered cascades, © =0, with unit
gap-chord ratio, G=1, undergoing single-degree-of-freedom
bending [#, =(1,0)] or torsional [« =(1,0)] vibrations at unit
frequency, w=1. The torsional axis is at mid-chord
[(X,.Y,)=1(0.5,0)] and in each case the free stream Mach
number is 0.5. To avoid conditions which lead to infinite
steady velocities at blade edges, inlet (Q__) and exit (Q,)
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Fig. 5 Unsteady pressure difference distributions due to bending for
unstaggered cascades of double circular arc airfoils.

flow angles (Fig. 1) have been determined by applying steady
flow Kutta conditions at both leading and trailing edges: i.e,

V-dsls’;=—V-ds|S,:, x=0,1 31

where ds is the tangent to the blade surface and directed
counterclockwise. For unstaggered double circular arc blades
Q_.=0Q,=0 deg, but for thin circular arc blades the inlet
and exit flow angles vary with the parameter 7". For the cases
considered here the inlet and exit flow angles are as follows:
for 7=0.05, @_,=—Q,=3.46 deg; for T=0.1, Q__=—
Q,=6.93 deg; for T=0.15,Q2__=—~Q_ =10.38 deg; and for
7=02,0_,=—-9,=13.8deg.

Unsteady pressure difference distributions for flat plate
(T=0), double circular ar¢, and thin circular arc blades are
shown in Figs. 5-8. Pressure coefficient predictions for out-
of-phase (¢ = + w) bending and torsional vibrations of double
circular arc blades (Figs. 5 and 6) reveal that blade thickness
has a significant effect on unsteady response. However, the
predictions for bending and torsional vibrations at o= — 7/2
of thin circular arc blades (Figs. 7 and 8) indicate that the
effect of steady flow turning due to blade camber on the
unsteady response is much less severe. For the double circular
arc blades the variations of the real and imaginary pressure
difference distributions due to bending and the real pressure
difference distribution due to torsion are primarily due to the
strong dependence on blade thickness of the steady, v &, and
the unsteady, V&, velocities at the blade surface [cf. Eq.
(23)], particularly the Ilatter. In  addition, the relative
displacement of the steady pressure field [the (- V ) P term in
Eq. (23)] also has an important influence on the real pressure
difference distribution. Note that the numerical results do not
indicate unsteady pressure closure [Ap(1,0)=0] at the
trailing edge. Although the accuracy of the numerical results
is somewhat questionable in the vicinity of blade edges, in
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Fig. 6 Unsteady pressure difference distributions due to torsion
about midchord for unstaggered cascades of double circular arc
airfoils.
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Fig. 7 Unsteady pressure difference distributions due to bending for
unstaggered cascades of thin circular arc airfoils.

general, Ap(1,0)50, because upper and lower surface steady
flow accelerations [cf. Eqs. (23) and (24)] are not equal at
blade trailing edges. %!

Unsteady lift and moment coefficients are plotted vs in-
terblade phase angle for cascades of flat plate, 10%-thick
double circular arc (7=0.1), and 5%-high thin circular arc
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Fig. 8 Unsteady pressure difference distributions due to torsion
about midchord for cascades of thin circular arc airfoils.

REAL PART

-2~  BLADE TYPE !

FLAT PLATE'

------- DOUBLE CIRCULAR ARC, T = 0.1

-—-—- THIN canCULAR ARC, T =0.1
1

-4

UNSTEADY LIFT COEFFICIENT, ¢

IMAGINARY PART

-8
—180 -120 —60 0 60 120 180
INTERBLADE PHASE ANGLE, ¢ — DEG
Fig. 9 Unsteady lift due to bending for unstaggered cascades of
sharp-edged airfoils.

(T=0.1) blades undergoing bending and torsional vibrations
about midchord, respectively, in Figs. 9 and 10. For the flat
plate and double circular arc blades the superresonant region
of blade motions lies between o= +33.1 deg, while for the
thin circular arc profiles this region lies between o= +35.4
deg. As indicated previously by the pressure difference



MAY 1980

BLADE TYPE
FLAT PLATE
_______ DOUBLE CIRCULAR ARC, T = 0.1

REAL PART

UNSTEADY MOMENT COEFFICIENT, cpy

o
{

IMAGINARY PART
|

-2 | | | | |
—180 —-120 —60 [} 60 120 180

INTERBLADE PHASE ANGLE, 0—DEG

Fig. 10 Unsteady moment due to torsion about midchord for un-
staggered cascades of sharp-edged airfoils.

predictions for out-of-phase motions (Figs. 5 and 6), blade
thickness causes a significant change in the real and imaginary
unsteady lift coefficients for bending vibrations (Fig. 9), and
on the real part of the moment coefficient due to torsional
motions (Fig. 10). In contrast, blade camber produces only
small changes in unsteady lift and moment relative to flat
plate results. The imaginary lift coefficient predictions for flat
plate and circular arc airfoils depicted in Fig. 9 indicate that
the effect of blade thickness is strongly stabilizing for single-
degree-of-freedom bending vibrations (i.e., Im{c; } decreases
as blade thickness is increased), and that the effect of camber
is slightly destabilizing for bending motions at positive in-
terblade phase angles. The imaginary moment coefficient
predictions (Fig. 10) indicate that the effect of thickness is
destabilizing for subresonant torsional motions and that the
effect of steady flow turning due to blade chamber is slightly
destablizing for subresonant torsional motions at negative
interblade phase angles. Single-degree-of-freedom bending or
torsional vibrations at w=1 are stable for the three example
cascades. Superresonant motions are much closer to the
stability boundary (i.e., Imfc;} or Im{c,}=0) than
subresonant motions; however, the effects of both thickness
and camber are less pronounced in the superresonant region.

Concluding Remarks

The aerodynamic model described in this paper fully ac-
counts for the effects of blade geometry, namely thickness
and camber, and of mean flow incidence on the unsteady
response to an oscillating cascade in fully attached subsonic
flow. This model has been derived by treating the unsteady
flow as a small perturbation about nonuniform mean flow,
and it can serve as a basis for investigating subsonic flutter
phenomena in jet engine fan, compressor, and turbine blade
rows. Numerical procedures for solving the subsonic unsteady
boundary value problem have been developed to the extent
that the effects of blade thickness and camber on unsteady
response can now be examined. In this paper a limited number
of results have been presented for cascades of sharp-edged
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blades undergoing single-degree-of-freedom bending or
torsional vibrations. Accurate numerical predictions have
been obtained for vibrating flat plate cascades over the entire
range of interblade phase angles, i.e., for both subresonant
and superresonant blade motions. Response predictions for
symmetric double circular arc and thin circular arc profiles
reveal that blade thickness produces a strong coupling bet-
ween the steady and unsteady flows while steady blade
loading (or flow turning) due solely to blade camber causes
only weak steady-unsteady interactions.

Further developments in the aerodynamic model and the
associated numerical solution procedures will be necessary
before a comprehensive flutter prediction scheme can be
realized. Numerical procedures must be improved so that
general profile shapes (i.e., rounded or blunt-edged blades)
and the effects of mean flow incidence can be considered. In
addition, an effort should be initiated to better understand the
implications of the leading and trailing edge singularities
associated with the perturbation approach on unsteady force
and moment predictions, and to assess the need for the
development of a more rational, albeit more complicated,
perturbation model for blade edge regions. Finally, for the
subsonic Mach number range in which blade vibration
problems are of practical concern, it will be necessary to
extend the present analysis to include transonic flows with
weak shocks, and for vibrating, thin fan or compressor blades
at incidence (the positive incidence flutter problem) it appears
that the aerodynamic model will have to be modified to in-
corporate leading edge, supersonic separation regions.
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